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Comparison with Previous Work

Abe! has described a treatment for vinyl polymers con-
taining articulated side chains which shares with the present
work the feature of multiplying certain elements in U’ by
factors which arise from a consideration of the side chains.
Specific application has been made to poly(1l-olefins) and
poly(alkyl vinyl ethers).* While the two approaches can be
made to yield identical results, certain differences in detail
exist. Thus Abe*2 concludes 7* = r; — 712 + ... for poly(1-
butene). This result can be contrasted with the expression
found in eq 13. An important difference is the relationship
between 7* and ws. According to eq 13, 7* = 1 when wy = 1,
irrespective of the value for 7. If instead we let 7* = r{ — 7,2
+ ..., the value of 7* depends solely on r;. The differences
arise primarily because of certain approximations introduced
by Abe,*2 as exemplified by 7, + 2wg~ rjand 1+ 7, + w3~ 1
+ 11 in the case of poly(1-butene).

The present work demonstrates that four distinct factors
(*, 1, f2, and f4) need be considered for symmetric side chains
containing two or three bonds, three rotational states per bond
being assumed. The objective is not to account for the con-
figurational properties observed with any particular polymer
but rather to explore the manner in which the four factors will
influence such properties. This objective is achieved by ex-
amination of the relationship between these factors and first-
and second-order interactions present, evaluation of their
effect of C.. and a priori probabilities for bonds in the main
chain, and identification of the maximal effect on C..

The present treatment corresponds exactly to that devel-
oped by Flory and co-workers312 when +* and the f; are unity.
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These circumstances will arise if (a) the side chain contains
only one bond, (b) the articulated side chain contains two
bonds and w3 = 1, or (c) the articulated side chain contains
three bonds, ws = 1, and either ¢; = 0 or wg = 1. In other cir-
cumstances the factors * and f; appear in the statistical
weight matrix U’
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ABSTRACT: Expressions are developed for the center of mass vectors and moment of inertia tensors for a molecule
which contains a trifunctional branch point. Evaluation is achieved using rotational isomeric state theory. Configura-
tional averages are obtained for unperturbed molecules, the averaging being accomplished in the internal coordinate
system defined by the first two bonds in a branch. Under certain limiting conditions simple relationships exist be-
tween persistence vectors and averaged center of mass vectors for the branched molecule. They are identical with
those obtained for the corresponding linear chain molecule only if there is a sufficiently large number of bonds in the
branch used to define the internal coordinate system. Asymmetries deduced from the principal moments of the aver-
aged moment of inertia tensor may depend on the selection of the branch whose terminal two bonds specify the inter-

nal coordinate system in which averaging takes place.

The spatial configuration of a linear polymer chain is cus-
tomarily described by the end-to-end vector, r. Matrix
methods permit computation of r, its self-direct products, r*»,

-and the even moments, 722, as well as their averages over all
configurations for the unperturbed chain.!~4 Branched mac-
romolecules, however, are not conveniently described in terms
of r because of the presence of more than two chain ends. The
fundamental quantity for branched macromolecules is the
square of the radius of gyration, s2. Matrix methods5® are
available for the computation of s2 as well as its statistical
mechanical average over all configurations accessible to the
unperturbed molecule, (s2)o. Random-flight statistics has

frequently been used to calculate the ratio of the (s2)¢ for
flexible branched and linear macromolecules containing the
same number of bonds, but this procedure is accurate only
when the asymptotic limit at high molecular weight has been
attained.”® An additional quantity of interest for branched
molecules is the center of mass vector expressed in the coor-
dinate system defined by the first two bonds in branch
k, £ E.

Flexible linear chain molecules attain a Gaussian distri-
bution at sufficiently high molecular weight, but deviations
from Gaussian behavior occur at low molecular weight. The
asymmetry of the distribution is described by the moment of
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Figure 1. Diagrammatic representation of a molecule which consists
of three chains emanating from a common atom. The vector for bond
{ in branch j is denoted by ;1;.

inertia tensor about the center of gravity, 8,9.4 The configu-
rational average of this tensor for linear polymethylene chains
shows that molecules containing fewer than about 50 meth-
ylene units approximate a prolate ellipsoid whose asymmetry
increases as the molecular weight decreases.1®

Information concerning the effect of branching on the
spatial distributions for molecules of finite molecular weight
is contained in g, S.2, and their configurational averages.
Matrix methods required for their evaluation are available for
linear chain molecules.* The present objective is to develop
the matrix methods required to accomplish the analogous
computations for the prototype of a branched molecule, i.e.,
a molecule consisting of three branches emanating from a
common atom. A comparison of the numerical results ob-
tained for linear polymethylenes!® and various branched po-
lymethylenes will be presented subsequently.!!

Relationship of the Persistence Vectors to the Center
of Mass Vectors

Consider a molecule which consists of three branches em-
anating from a common atom (Figure 1). Branches and atoms
are numbered as indicated, with ;A; (and ;1;) representing
atom (and bond vector) { in branch j.5 The molecule contains
three chains, which consist of branches 1 + 2,1+ 3,and 2 +
3. The number of chains becomes six if attention is paid to
their directionality.

The vector connecting skeletal atoms 0 and { in the chain
consisting of branch k followed by branch [ is denoted by
kiro:;.” When each bond vector is expressed in its own coor-
dinate system,

i .
kITO; =Zl k' TV V) (1)
=

The product of the first j — 1 transformation matrices in the
chain composed of branches & and [ is denoted by »; T; V-1,
The more compact notation 4 r is reserved for the chain vec-
tors (i = ny + n;, where ny, is the number of bonds in branch
k). There are six different p;r for the molecule in Figure 1,
corresponding to the six ways of assigning & and [. Each is
expressed in the coordinate system defined by the first two
bonds in branch k.*
Six persistence vectors, y;a, are defined as

gia = {pr) (2)

Let nip represent the vector from x;a to the remote terminus
of the chain consisting of branch £ followed by branch .

kIO = pT — p@ (3)
The analogous vector for atom i in this chain is

kPP = kiTO; = k18 (4)

Macromolecules

The center of gravity vector expressed in the coordinate
system defined* by the first two bonds in branch % is denoted

bYkgs

-1 netni ngtnm
rg=N < 2 kot X kmr0i> (5)
=0 t=np+l

where the total number of atoms, n, + n; + n,, + 1, is abbre-
viated to N. Three such vectors can be defined for the mole-
cule in Figure 1, corresponding to the three ways of selecting
branch k. The average over all configurations is

ngtn negtnm
(kg)=N'1<§Ol<kzr0i)+ kZ <kmr0i>>

i=nip+1

=N-1 [(nk +n)ra+ (Nmlrma

nktn; nktnm
+ L wpidt T (empid | (6)
=1 i=ng+1
As [ becomes large the average of ;p; vanishes. Consequent-
ly

nktn nk+nm
N‘1<§’<kzm>+,k2 <kmpl->) )
i=1 t=ng+l

will vanish as ng, n;, and n,, become large. More precisely, ng
—» o ig a sufficient condition for (7) to vanish. Since y;a — rma
asng — «,

(k&) np—re = k1A = gma (8)

This relationship is valid for any values of n; and np,. Fur-
thermore, (1 g) ny—« is identical with the average value of the
center of mass vector for a linear chain molecule consisting
simply of branch k.

The expression in (7) will also vanish if n; — «, even if ng
is small, due to the division by N. If both n and n,, remain
small while n; — «, N = n;and (ng + nj)ga + (np)ema —
(n;)ria, yielding

(k&) ny—e = k18 (Zrma) nm and ng small (9)

The vector in eq 9 is different from the average center of mass
vector for a linear chain molecule consisting of either branch
k or branch % followed by branch .

Permitting n; and n,, to become large while n; remains
small will also cause the expression in (7) to vanish, Under
these circumstances

(ny + np) " H(ndwa + (np)emal (10

ne small

<kg>n1—>m,nm—>oo =

If we further stipulate that n; = np,

<kg>n;=nm,n1——>m = 1/2(kla + kma) (11)

The vector ;a will generally differ from ,, a when ny, is small.
Neither vector in eq 10 and 11 is identical with the average
center of mass vector for a linear chain molecule consisting of
branch k, branch k followed by branch /, or branch & followed
by branch m.

Equation 6 must be used as it stands if ng, n;, and n,, are
small.

The asymptotic limit for the characteristic ratio, ({r2)o/
nl?)., of a linear chain molecule can be obtained from [ and
the X component, (x ), of the persistence vector

(x)w = B[((r?)o/nl?e + 1]I = h[(B(s?)o/nl?)= + 1]/
(12)

({x) is also the X component of the average center of mass
vector).1012 Here n represents the number of bonds of length
{. The result attained in eq 8 demonstrates that no corre-
sponding relationship exists between ((s2)o/n!?)«, I, and the
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components of the various persistence vectors and center of
mass vectors for branched molecules. The value of ({(s2)¢/
nl2). for the branched molecule will depend on n;/n; and
Nm/ng, 71314 but (1g),,—« is independent of n; and ny,.

The Moment of Inertia Tensor

The vector from ,g to atom { in the chain composed of
branch k followed by branch [ is denoted by x;s;.
BISi = kiT0oi — k8 (13)
If atom i lies in branch &, this vector is

1 ngtnt ngtnm
kiSii<n, = =V < ): rT+ X kmrij> (14)
i J=ng+1

-1 ne+m ng+nm
=N < Z mri+ X kml'ji> (15)
Jj=np+l

However, if atom i lies in branch [, the appropriate expression
is

1 nkgtn; ngtnm
BiSii>ny = =N Z RiTi+ 7 (e Yo; — wi¥oi)
j=ne+1
-1 nk+nm
=—-N _Z klrz;+ Z emT0j ~ (Nm)eiroi | (16)
j=nk+
The sum in eq 17, of course, is zero.
nk-+-n nktnm
Z kSt X kmS (17
i=ng+1

From eq 13 we obtain
28 = kiSO (18)
A(kg) =8 — (k8) = —A(rSo) (19)

The latter is similar in form to the analogous relationship for
a linear chain molecule.? The displacement A(rg) can be
identified with —A(;8¢), the negative of the displacement of
the initial atom in branch & from its mean position relative
to the center of mass.

The moment of inertia tensor for a specified configuration
is

ka2=N~l< Z klszx2+ nz

= n/q+1

nsi’2) (20)

where y;s; %2 denotes the self-direct product of 4;s;. The for-
malism adopted generates S5 as a column containing nine
elements. This column is obtained from the 3 X 3 represen-
tation of ;8. by arranging the nine elements in “reading
order”.34 Use of eq 13 yields

1 ngtng
kSy2 =N~ 'Zo (k170 ™ = kiT0i ® k& — k8 ® RiT0;
=
ng+nm
+ 8+ ¥ GmToi*?— pmToi ® 18

i=npt+1

— k8 ®kml‘0i+kg"2)] (21)

Simplification via eq 5 produces
ngt+nm

ka2=N'1< ’E NETRCE Y

kml‘()i"2> —rg*?
i=np+1

(22)

which has an obvious parallel to the moment of inertia tensor
for a rigid linear chain molecule.4

Matrix Evaluation of yr, xiroi, k8, k€ *2, kSx2, and
Their Configurational Averages

Chain Displacement Vector. The chain displacement
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vectors for branched molecules were treated in ref 6. The re-

sult can be written as
ko = C* (A E~V)C, (23)

using the matrices defined in eq 24-26.

T 1
kA= kl[ 0 l]i (24)
C.* = [E; 0] (25)
C, =¢0l(0,0,0,1) (26)

Symbolism of the type x;A1¢~1 denotes the product of i — 1
successive matrices commencing with »;Aj, and E; denotes
the unit matrix of order ;. The vector in eq 23 is expressed in
the coordinate system defined by the first two bonds in branch
k.

Persistence vectors can be obtained by the formulation of
generator matrices which combine eq 24-26 with the appro-
priate statistical weight matrices. If the configuration partition
function® is written as

Z= klUl(nk+1)[klUnk+2(m—1) ® km Unh+2(nm—1)] (27)
the persistence vector is given by

Z 7Yy Frret D) (4 Frppy 2= D)
@41 (km Unk+2(nm_1))] (28)

The generator matrices x; F; are constructed from »; U, z/ A,
C.*, and C, according to the procedures defined by eq 31-38b
of ref 6. We have adopted here a more compact notation for
handling terminal matrices, as exemplified by (r; F1) (gt Fo'*#))
being written as y; F1%#*+D. The modified direct product, ®, s,
is defined in ref 6. Dimensions of x; Fy, ¢ Fpyt1, and p; Fopip;
are 3 X 4v, 4 X 42, and 4 v X 1, respectively, where » denotes
the number of rotational states. All other »; F; are 4v X 4y,

Center of Gravity Vector. The matrix expression for x g
obtained from eq 5 is

+ -
& =N"1C.* <"kzmk¢A1(“ + nkin
<1

i=np+1

kla =

kmAl(l.)>Cr (29)

Evaluation is simplified through the definition* of a new
generator matrix, p Fy.

A AC'] (30)

F~l’=
K Te kl[() 1

The center of gravity vector is then obtained as
k8 = N7IC*(p Fygpy (o410 + 4y Fyyy (nktnim)
= km Fgm)C,  (31)
with C,* and C, defined by eq 32 and 33.
Ce* = [Eg 0] {32)
Cg = c0l(0,0,0,0,1) (33)

The last term in eq 31 is required to compensate for the double
counting of the atoms in branch & by the first two terms. An
alternative expression, which does not require this subtrac-
tion, is

LE = N_I[Cg*(leg;l(nh+m))

+ Cr*(kmAl(nk))Ca*(kmFg;nk+1(n'"))]Cg (34)
* = [E4 0] (35)

The average value of the center of mass vector, obtained
from eq 34, is
(18) = ZTIN~1{p FyfretD
X [(kl Fnk+2(m_1)) ® 5,1 (km nk+2(n"’—l))]
+ km Fl nk+1)[(kl nk+2(nl 1)) ® (km nk+2(nm D )” (36)
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Generator matrices i; F; are formulated from the statistical
weight matrices and eq 30, 32, and 33, as is also the case for
those »,, F; for which { > ny + 1. The generator matrices g F;
for which { < nj are formulated from the statistical weight
matrices and eq 24 and 25, while ., F,,,+1 is formulated from
the rectangular statistical weight matrix, eq 30, and eq 35. In
all cases the applicable rules are those summarized by eq
31-38b of ref 6. Dimensions for the generator matrices used
in eq 36 are as follows: ; F; and x,, F; are 3 X 5vand 3 X 4v,
respectively, while p; Foy4n, and xm Frytn,, are both 5 X 1.
Branch point matrices g; Fy,,+1 and g, Fp41are 5v X 512 and
4p X By2, respectively. Those y,, F; for which 1 <i < ny are 4»
X 4. All remaining generator matrices are 5» X bv.

Self-Direct Product of the Center of Gravity Vector.
Procedures for the matrix evaluation of  g*2 can be obtained
starting either from eq 31 or 34. The latter shall be adopted
as the starting point because it yields a final expression which
demands appreciably less numerical labor.

kng = N_Q{[Cg*(kZFg;l(nk+n’))Cg]x2
+ [Cr*(kmAl(nk))Ca*(km Fg;nw-l(nm))cg]x2
+ [Cg* (leg;l(nk+n’))Cg] ® [Cr*(kmAl(nk))
X Co* (km Fging+1") Cg]
+ [Cr*(kmAl(nk))Ca*(kmFg;nk+1(n"Z))Cg]
- ® [Co*(riFg e n)Cgll (37)

Application of the theorem on direct products yields

kng = N—Z[Cg*ﬂ(kzngZ)I(anc)ngQ
+ Cr*x2(kmsz)l(nk)ca*xZ(kmngZ)nkH(nm)ngz
+ (Cg* ® Cr*)(kZFg ® km A)l(nk);leg ® [Ca*(kmFg)“nk+1
X 1[(leg;nk+2(m_l))Cg] ® [(kmFg;nk+2(nm_l))Cg]}
+(C* ® Co*)(kmA ® ki Fo )1 ™N[Co*(km Fg)] ® i Fylnyt1
X {[(km Fapnps2m ™ D)Cq] @ [(ri Fgimpr 1M~ CelY]  (38)

The terms in eq 38 appear in a fashion which provides the
basis for the evaluation of (,g*2) as

<kgx2> = Z“N‘thz Fl(nk+1)[(k1Fnh+2(nz*l))
®a,l (km Unk+2(nm‘—1))] + km Fl(nk+1)
X [k Upg2™™1) ® (jm Fryr 2= 1))
+ kim]) F17 D] (g Frps 27 D) 585 (km Frye o' 1))
+ () F1 D (o Fryy 2"~ Y) 505 (k1 Frpa 2~ V)] (39)

The generator matrices x; F; in the first term are formed from
Co**2, 1 Fy;i*2 Cg*2 and the statistical weight matrices. The
value of a is 25 or 15, depending upon whether ;; F,;; 2 is used
as generated (25 X 25) or is reduced to 15 X 15.# The generator
matrices g, F;, I < g, in the second term are formed from
Cr**2, 1, A;*2, and the statistical weight matrices, while &, F;,
i > n, are formed from C,**2, 4, Fy.i %2, C*2, and the sta-
tistical weight matrices. Generator matrices x;m) F; and g[mi) F;
in the third and fourth terms are formulated using x/Fz ® xm A
and xm A ® 1 F,, respectively. The p, F; and g F}, { > ng, in
the third and fourth terms are formulated using zm Fg; and
kiFgi

The operation X ;®;, Y in the third and fourth terms of eq
39 is defined as follows: Let X be a column consisting of ma
elements and Y a column consisting of nb elements. Then X
2®s Y is a column consisting of manb elements arranged as
shown in eq 40.

Special attention is required for p{m;Fn,+1 in the fourth
term in eq 39. The generator matrices for bond ng + 1 in
chains & + [ and & + m assume a different pattern from that
normally obtained (e.g., in the third term), due to the reversal
of the terms in the operation denoted 5®s (compare the third
and fourth terms). For this reason a corresponding rear-
rangement must be made in the columns of the rectangular

Macromolecules
-

X7 -y, 7]

X2 @ Y2
_Xa__ LYb
—Xl— —Yb+1

Xz ® Yb+z
LXa__. l_Y2b
X, 7] T Yupop+1

X, ® Ynp-b+2
LXa._ Lynb

X @b Y = rXa+1— —Yl (40)
¢ Xa+z ® Y2
_Xza - _Yb
r—Xa'h— ran-b‘fl—
Xa+2 @ an-b+2
_X2Cl — Lan —1
—Xma-a+1 r—gnb-bh—
Xina-a+a ® nb-bt:2
LLXma Lan —
d

statistical weight matrix used at the branch point. The manner
in which the columns are interchanged can be specified as
follows: Let each column be indexed by two integers (1,2,. ..,
v) according to the » rotational states for bonds ng + 1 in the
two chains. Those columns which are to be interchanged are
indexed by the same two digits in permuted order. The ne-
cessity of making this change is eliminated by noting the re-
lationship between the third and fourth terms of eq 39. If the
nine elements obtained from the third term are arranged as
a 3 X 3 matrix, the result obtained from the fourth term will
be the transpose of this matrix.

Assuming that the procedures for matrix size reduction
have been implemented, the dimensions for the generator
matrices in eq 39 are as follows. First term: z; Fy, 6 X 15»;
ki Frp+1, 160 X 1502, 4y Fppiny, 150 X 1; all remaining g F;, 15v
X 150, Second term: pm Fi, 6 X 10v; gm Frpr1, 100 X 1502,
km Fopany 150 X 15 pm F, with 1 <{ < ng, 100 X 100; g F;
with ng + 1 <i <ny + nm, 1567 X 150, Third and fourth terms:
k[lm]Fl and k[ml]FI; 6 X 10y; k[lm]Fnk+1 and k[ml}Fnk+1: 200 X
2502 1t Frptn; a0d g Frytng, 260 X 1; gim) F; and g F; with
1<i<ng 200X 200 F, withnp + 1 <i<ng+n;and g F;
withng + 1 <i <ng+ npy, 5v X bu.

Matrix Evaluation of the Moment of Inertia Tensor
about the Center of Gravity. The starting point is eq 22.
Equation 38 is used for g2 For the remaining terms in eq
22 we have?

+n +nm
nﬁ: lk[rOixz + "kz kerixz = (cb*)thr;l(nk+nl)Cb
i=0 i=ng+l
+ Cr*(kmAx2)l(nk)Cc*(km Fr;n,k+1(n’"))Cb (41)
where
Ax2 (ACb)"2]
Fr'i =
R P R
Cb* = [Cr*IZ 0] (43)
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Cp = c0l(0,0,...,0,1) (44a)
and
CH=[Es 0] (44b)
The average value is
ng+n| ng+nm
T Auro*? + X (kmToi*?)
i=0 i=ng+1

= Z_I{kl Fl(nk+1)[(lenk+2(nl-1)) ®q,1 (em Unk+2nm"‘1))]

+ km F1#+D[(1 Uy 42047 D) @ (o Frys2®m~V)]} (45)

The generator matrices in the first term are formulated from
the statistical weight matrices using eq 42, while those in the
second term are obtained from the statistical weight matrices
and either eq 42 or ,, A*2. The valueof ¢ ineq 45is 17 or 11,
depending upon whether or not the matrix size has been re-
duced. Assuming that matrix size reduction has been effected,
the dimensions of the generator matrices in eq 45 are as
follows. First term: p F1, 6 X 11v; g Fppeq, 11v X 1103
gl Frpny 11y X 1; all other g F}, 11v X 11p. Second term: ., F1,
6 X 100, pm Frpv1, 100 X 1102 gy Frpip,, 1o X 15 F for
which 1 < < ng, 100 X 100} ¢, F; for whichng + 1 <1 <ng
+ nm, 11v X 110,

The statistical mechanical average of S, 2 is obtained from
eq 39, 45, and 46.

net+n!

(¢Sy2) = N1 < "—v‘o (k1T0i*%)

ngtnm

+ X

i=nm+1

<kmro,-x2>) — (g*?)  (46)

Expressions for y;a, (¢g), and {(;S,2) (eq 28, 36, and 46,
respectively) apply to any unperturbed molecule which con-
sists of three branches emanating from a common atom.
Bonds may be of different types and may occur in any speci-
fied order. Consequently the equations apply to molecules as
simple as a branched polymethylene or as complex as lipids
derived from glycerol or sphingosine. Extension to molecules
containing more than one branch point, or branch points of
higher functionality, is possible, but the required generator
matrices will become inconveniently large.

Relationship between k and the Asymmetry of (;Sys)

Consider an unbranched chain molecule consisting of n
bonds. Associated with bond i as a tensor, p;, considered to
be invariant to the configuration when expressed in the
coordinate system defined for that bond. Let P; be the tensor
sum of the p; for a spceified configuration, each p; having been
transformed to its representation in the coordinate system
defined for bond ;.

Pi=2 Tijp: Ty T (47)

Here T;; is the matrix required to transform from the coor-
dinate system defined for bond i to that defined for bond j
when the molecule is in the specified configuration. Inter-
conversion of the various P; may be affected by an appropriate
similarity transform.

Pk = TjkPjT]'kT (48)
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The configurational average obtained in the coordinate
system defined for bond j is

(B)) = £ (TyniTy™) (49)
Similarly,
(Pe) = (T P; T3 T) (50)

Interconversion of {P;) and (P.) via a similarity transform
can be achieved only in special cases. While identical traces
must be obtained for (Px) and (P;), asymmetries deduced
from their principal moments may differ.

A convenient illustration is provided by consideration of
the carbon atoms in n-pentane. Assume a bond length of 1.53
A, a bond angle of 112°, rotational states located at 0 and
+120°, and the approximation that all nine configurations are
equally probable. Then the average moment of inertia tensor
has principal moments of 1.71, 0.53, and 0.45 A2 if the internal
coordinate system is that defined by a terminal bond and its
neighbor. On the other hand, the principal moments are 1.81,
0.56, and 0.32 A2 if the internal coordinate system is defined
by the two internal bonds. Each trace is 2.69 A2, but a greater
asymmetry arises when averaging is achieved in the latter
coordinate system. The preceding two tensors are different
from that obtained by first diagonalizing the tensor for each
configuration and then averaging the largest, second largest,
and smallest principal moments. Averaged principal moments
are 2,17, 0.43, and 0.09 A2, respectively. Once again the trace
is 2.69 A2, but the asymmetry is larger than that obtained
when averaging occurs in either of the internal coordinate
systems. Averaging in an internal coordinate system sup-
presses the asymmetries of individual configurations.1®

In the case of current interest, averaging takes place using
the internal coordinate system defined for the first bond in
branch k. With a simple symmetric linear chain molecule, such.
as a linear polymethylene, identical results must be obtained
for either directionality along the chain. The equivalent
statement applies to a polymethylene containing a trifunc-
tional branch point only if all branches are of the same length.
If branches differ in length, different asymmetries may be
deduced from the principal moments of the various (;S,2).
This effect is illustrated by the numerical computations re-
ported in the following paper.11
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